Abstract. We give the generalization of the method of the space-time description of particle creation by a gravitational field for a scalar field with nonconformal coupling to the curvature. The space-time correlation function is obtained for a created pair of the quasi-particles, corresponding to a diagonal form of the instantaneous Hamiltonian. The case of an adiabatic change of the metric of homogeneous isotropic space is analyzed. We show that the created pairs of quasi-particles in de Sitter space should be interpreted as pairs of virtual particles.
INTRODUCTION
Quantum field theory in curved space-time is nowadays a sufficiently deeply elaborated area of theoretical physics (see the monographs [1, 2] ) with important applications in cosmology and astrophysics. In particular, creation of particles with GUT-scale masses by the gravitational field of the early Universe may be used for an explanation of the observed visible and dark matter density [3] .
In the description of particle creation by the gravitational field, a widely used method is that of instantaneous Hamiltonian diagonalization [1] suggested by A. A. Grib and S. G. Mamayev [4] . A detailed study of the created pair formation process was performed in [5] for the case of a scalar field conformally coupled to the curvature. The method of a spacetime correlation function suggested in [5] made it possible to distinguish real created particles from virtual ones, to reveal the role of horizons in particle creation etc.
In quantum field theory in curved space-time, one frequently considers scalar field nonconformally coupled to gravity, in particular, the minimally coupled one. In such cases, the contributions related to nonconformal coupling may be dominant both in the particle creation effect [6] and in the vacuum averages values of the stress-energy tensor (see, e.g., [7] ). Such a coupling with the curvature also takes place in the case of massive vector mesons (the longitudinal components [1] ). Conformal invariance is lacking * E-mail: yuri.pavlov@mail.ru in the graviton equations as well [8] . Therefore, it appears to be necessary to generalize the method of studying the particle creation process suggested in [5] to the nonconformal case. Moreover, some authors [9] consider the absence of such a generalization as an argument in favor of choosing only the conformal coupling in the wave equation for a scalar field.
The present paper suggests a generalization of the space-time description of particle creation [5] to the case of nonconformal coupling. In Section 2, we perform quantization of a general-type nonconformally coupled scalar field in homogeneous isotropic space. In Section 3, we carry out diagonalization of the generalized Hamiltonian built in [10] , which, in the nonconformal case, allows one to solve the wellknown problem of an infinite density of quasiparticles created [11] . In Section 4, we build a space-time correlation function for quasiparticles corresponding to the diagonal form of the instantaneous Hamiltonian and study the case of an adiabatically changing metric. In Section 5, we consider particle creation and the space-time correlation function in de Sitter space. The conclusion briefly sums up the results of the paper.
We use the system of units in whichh = c = 1. The signs of the curvature tensor and the Ricci tensor are chosen in such a way that
where Γ i jk are the Christoffel symbols.
SCALAR FIELD IN CURVED SPACE
Consider a complex scalar field ϕ(x) with mass m, the Lagrangian
and the corresponding equation of motion
where ∇ i are covariant derivatives in N -dimensional space-time with the metric g ik , g = det(g ik ), V g is a function of invariant combinations of the metric tensor g ik and its partial derivatives. Eq. (2) is conformally invariant if m = 0 and V g = ξ c R, where R is the scalar curvature and ξ c = (N − 2)/ [ 4 (N − 1)] (conformal coupling). The case V g = 0 corresponds to minimal coupling. An arbitrary V g leads to the advent of third-and higherorder derivatives of the metric in the metric stressenergy tensor of the scalar field and consequently in the Einstein equations.
It is well known that additional terms with higherorder derivatives appearing in equations lead to radical changes in the theory even if the coefficients of these terms are small.
If one requires that the metric stress-energy tensor should not contain derivatives of the metric of orders higher than two, then the following function is admissible as V g :
where
(the Gauss-Bonnet coupling [12] ). Let us note that for N = 4, with constant ϕ(x), the contribution to the metric stress-energy tensor from the term with R 2 GB is absent because the corresponding variation derivative vanishes [13] . But for a variable ϕ(x), a contribution from such terms could be taken into account if the constant ζ with the dimension (mass) −2 is nonzero. Accounting for a possible coupling between a scalar field and the Gauss-Bonnet invariant R 2 GB may play an important role in the early Universe; effects from a nonzero value of the parameter ζ in scalar field equations may appear in black-hole radiation, may affect the parameters of the so-called boson stars etc. The question of the values of the parameters ζ and ξ are ultimately related to the area of the experiment.
Furthermore, without specifying V g , let us consider an N -dimensional homogeneous isotropic space-time, choosing the metric in the form
where dl 2 = γ αβ dx α dx β is the metric of an (N − 1)-dimensional space of constant curvature K = 0, ±1.
The complete set of solutions to Eq. (2) in the metric (5) may be found in the form
where g
the prime denotes a derivative with respect to the conformal time η, and J is the set of indices (quantum numbers) numbering the eigenfunctions of the Laplace-Beltrami operator
According to the Hamiltonian diagonalization method [1] (see the case of an arbitrary function V g in [14] ), the functions g λ (η) should obey the following initial conditions:
To perform quantization, let us expand the field ϕ(x) in the complete set of solutions (6) ,
where dµ(J) is a measure on the set of quantum numbers,
and require that the standard commutation relations hold for a J . Let us build the Hamiltonian as the canonical one for the variablesφ(x) andφ * (x), for which the equation of motion does not contain their first-order derivatives with respect to the time η [14] . Recall that the equations of motion do not change after adding a full divergence ∂J i /∂x i to the Lagrangian density L(x).
Let us choose, in the coordinate system (η, x), the vector
, we obtain for the momenta canonically conjugate toφ andφ * :
respectively. Integrating the Hamiltonian density
over the hypersurface Σ: η = const, we obtain the following expression for the canonical Hamiltonian:
(see a justification of such a choice of the Hamiltonian in [10, 14] and in Section 3). The Hamiltonian (14) may be written in terms of the operators a 
and we have chosen such eigenfunctions Φ J (x) that, for arbitrary J, there is suchJ that Φ *
Such a choice is possible due to completeness and orthonormality of the set Φ J (x).
In spherical coordinates of a homogeneous isotropic space, if J = {λ, l, . . . , m}, we haveJ = {λ, l, . . . , −m}, ϑ J = (−1) m (see [1] ).
HAMILTONIAN DIAGONALIZATION
The Hamiltonian (15) will be diagonal at the time instant η 0 with respect to the operators a 
where the functions α J (η) = αJ (η) and β J (η) = βJ (η) satisfy the initial conditions |α J (η 0 )| = 1, β J (η 0 ) = 0 and the identity |α
Substituting (17) and the conjugate expressions to (15) , one can obtain an expression for the Hamiltonian having the same form (15) but with the 
where χ J = χJ is an arbitrary complex function of time with a unit absolute value. Therefore further we will use the operators (15) is equal to the oscillator frequency Ω(η) (unlike the Hamiltonian built from the metric stress-energy tensor of a nonconformal scalar field [6] ).
Using (7), (17) 
The second term in the right-hand side of (23) is connected with re-definition of the particle notion at each time instant. An expansion of the field operatorφ(x) in the operators c (±) J (η):
(24) follows from (11), (12), (17), and (20). The equations of motion hold for each mode in (24) separately.
Consider the question of particle creation in a nonstationary metric. We suppose that the quantized scalar field is in the state |0 , annihilated by the operators a
J , i.e., in the vacuum state for the instant η 0 . At the time η, the vacuum state is the state |0 η , defined by the equalities
The state |0 contains, at the time instant η, |β J (η)| 2 pairs of particles and antiparticles corresponding to the operators c
J (η) (see [1] ). The density of the created particle pairs may be calculated (for the quasi-Euclidean metric with K = 0) by the formula
the gamma function, S λ (η) = |β λ (η)| 2 (in a homogeneous isotropic space, |β J | ≡ |β λ |). For N = 4 and K = 0, −1, for the number density of the particle pairs created, the following formula is valid (see [1] ):
For K = 1 (spherical space), the set of eigenfunctions of the Laplace-Beltrami operator ∆ N −1 is discrete, and the formula for the number density of the created particle pairs N = 4 has the form (see [1] )
Using (20) and that the function
is a first integral of the equation (7), equal to −2i according to the initial conditions (10), we obtain:
As it was shown in [10] , S λ (η) ∼ λ −6 as λ → ∞. Therefore, in four-dimensional space-time, the number density of particles created, defined by the Hamiltonian (14) diagonalization method, is finite in the nonconformal case as well. Let us note that a divergent expression for the number density of created nonconformal scalar particles, obtained with another choice of the Hamiltonian in Ref. [11] , has been one of the reasons for a criticism of the Hamiltonian diagonalization method as a whole in the well-known book [2] .
THE SPACE-TIME CORRELATION FUNCTION
To study the space-time characteristics of the created quasiparticles, we apply the approach suggested in [5] . We use the notion of a particle's localized state introduced by Newton and Wigner [15] . By analogy with the Newton-Wigner operator for a free field (see, e.g., [16] ), we introduce creation operators of a localized state of a particle and an antiparticle:
By analogy with the case of a conformal scalar field considered in [1] , we introduce the operator of particle number in the volume V
(31) where
(N−1) g αβ , and
is the induce metric tensor on the hypersurface η = const. Using (17), (21), (30) and the properties of the eigenfunctions Φ J (x) (see, e.g., [1] , § 9.1), it can be shown that the expression for the number density of the particles created
obtained with the aid of (31), reproduces Eqs. (26)-(28). As in [5] , we consider as a characteristic of the spatial distribution of the quasiparticle pairs created, the matrix element
which has the meaning of the probability amplitude that a quasiparticle created is located at the point x at the time instant η while the antiquasiparticle is at the point x ′ . Using (17), (20), (21) and (30), we obtain:
The function P λ (η) satisfies the following equation and initial condition:
Consider the case that the metric is changing adiabatically:
Furthermore, we denote M = √ Ω 2 − λ 2 /a. In the general case, M = M (η). For a conformally coupled scalar field, M = m. If M = const, the conditions (37) hold ifḣ(t)/M 2 ≪ h/M ≪ 1, where h(t) =ȧ(t)/a is the Hubble parameter.
If the conditions (37) and a ′ (η 0 ) = 0 are satisfied, an approximate solution to (36) has the form
Let us find an expression for the space-time correlation function (33) in the approximation considered in the quasi-Euclidean metric (i.e., ds 2 = a 2 (η)(dη 2 − dx α dx α )). The eigenfunctions of the Laplace operator ∆ N −1 in the coordinates x α are
where (40) into (34) and performing integration, we obtain
where r = ρa and K ν (z) are MacDonald's functions.
If M = const, which is the case for a conformally coupled scalar field and for an arbitrary coupled field in de Sitter space, from (41) we obtain
Let us further consider spatial sections with K = ±1. For N = 4, the space-time metric may be written in the form
where f (χ) = sinh(χ), χ, sin(χ) for K = −1, 0, +1, respectively. Meanwhile,
where ρ is the geodesic distance between the points x and x ′ (see [1] ). Therefore, from (34) and (38) we obtain in the hyperbolic (K = −1) case:
Consequently, if the metric is changing adiabatically, the function |R 0 | in the quasi-Euclidean (see (41)) and hyperbolic space-time decreases exponentially with growing ρ at spacings r ≫ 1/M , i.e., exceeding the Compton wavelength.
In spherical case, the spacing ρ changes in the range 0 ≤ ρ ≤ π. A substitution of (38) and (44) into (34) leads to
(46) The sum in the right-hand side of (46), after a chain of transformations, may be presented in the form
From the asymptotic properties of the function K 0 (z) it follows that, for ρ ≪ 1 and M a ≫ 1 (the distance between particles od a pair and a particle's Compton wavelength are much smaller than the curvature radius of space), in this representation one could retain only the term ρ K 0 (M aρ), and therefore Eq. (46) takes the form
Therefore, in the spherical case |R 0 | also decreases exponentially with growing ρ at distances r ≫ 1/M , exceeding the Compton wavelength. Thus if the metric of a homogeneous isotropic state is changing adiabatically, the space-time correlation function R 0 (η, x, x ′ ) is exponentially small for r ≫ 1/M . This indicates that the corresponding quasiparticles are virtual pairs with the characteristic correlation length equal to 1/M . Real particle creation is exponentially small and does not manifest itself in perturbation theory. where r = a(t)|x ′ − x|, i.e., the correlation function, expressed in terms of r (the "physical" distance between the quasiparticles in a pair) is timeindependent.
Examples of numerical calculations for N = 4, M/H = 0.01 and M/H = 0.2 are given in Figs. 2 and 3, respectively.
In both cases, the correlation function decreases exponentially at distances between the quasiparticles exceeding the Compton wavelength l C = 1/M .
Thus real particles creation in de Sitter space does not occur. The quasiparticle pairs being created, whose density has been calculated and shown in Fig. 1 , should be interpreted as pairs of virtual particles.
As has been noticed in [1] , the absence of real particle creation in de Sitter space is confirmed by the local nature of the vacuum stress-energy tensor and by vanishing of the imaginary part of the effective Lagrangian. 
CONCLUSIONS
In this paper, for a scalar field nonconformally coupled to the curvature, we gave a generalization of the method of space-time description of particle creation by the gravitational field. In a homogeneous isotropic space, we have introduced the creation operators (30) of localized one-particle states and the operator (31) of particle number in a specified volume. We have obtained the expressions (34) and (35) for the space-time correlation function (33) of a pair of created quasiparticles corresponding to a diagonal form of the instantaneous Hamiltonian. We have analyzed the case of adiabatic changes in the metric of a homogeneous isotropic space. The expressions (41), (42), (45) and (46) have been obtained for the correlation function of a pair of quasiparticles created. It has been shown that the correlation function exponentially decreases at spaces exceeding the Compton wavelength, and consequently real particle creation is suppressed. Particle creation in de Sitter space has been considered, and, from, the properties of the space-time correlation function for a pair of quasiparticles created, it has been concluded that such a pair should be interpreted as a pair of virtual particles.
